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1. Introduction
We continue the study of 3-graded Lie algebras in a pair of generators initiated in
[3] and classify them up to isomorphism in the case they are de(ned over C. This is
carried out by means of the characterization of such a Lie algebra, in general over a
(eld K of characteristic zero, as a 3-graded Lie subalgebra of
sl2(K[t]=〈p(t)〉);
where 〈p(t)〉= p(t) · K[t] for some p(t)∈K[t].
That particular class of 3-graded Lie algebras has been used to understand the general
theory, like in [1], where the free case in a pair of generators, along with polarization,
is used to prove commutation relations between elements in the universal enveloping
algebra of an arbitrary 3-graded Lie algebra. Moreover, since they contain sl2(K) as
a particular example, they could serve as building blocks in the investigation into the
general case. Other possible applications can be found in [2,4–7].
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2. Embedding theorems
In this section and the following ones, K denotes a 4eld of characteristic zero.
Recall that the lower central series of a Lie algebra h is the sequence of ideals
de(ned by
h1 = h; hn = [hn−1; h]; n¿ 1:
If h is nilpotent, the length of the series is, by de(nition, the smallest nonnegative
integer l such that hl+1 = 0.
Let
E0 =
(
0 1
0 0
)
; H0 =
(
1 0
0 −1
)
; F0 =
(
0 0
1 0
)
:
We recall the following
Theorem 1 (De Oliveira [1]). Let g(x; y) be the free 3-graded Lie algebra over K
generated by variables x of degree 1 and y of degree −1. The homomorphism
in1 ;n2 : g(x; y)→ sl2(K[t]) de4ned by
in1 ;n2 (x) = t
n1E0; in1 ;n2 (y) = t
n2F0
is a monomorphism of 3-graded Lie algebras for each pair n1; n2 of positive integers.
The monomorphism
i= i1;1
is the canonical embedding of g(x; y). The image of g(x; y) by in1 ;n2 in sl2(K[t]) is
given by
in1 ;n2 (g(x; y)) =
{(
a(t) b1(t)
b2(t) −a(t)
)∣∣∣∣∣ a(t)∈ vK[v]; bi(t)∈ tniK[v]; v= tn1+n2
}
:
Given p(t)∈K[t], we write
E = (1 + 〈p(t)〉)⊗ E0; H = (1 + 〈p(t)〉)⊗ H0; F = (1 + 〈p(t)〉)⊗ F0 in
sl2(K[t]=〈p(t)〉) = K[t]=〈p(t)〉⊗
K
sl2(K):
The algebra K[t]=〈p(t)〉 is also a K[t]-module in the usual sense. In the same way,
K[t] acts on
sl2(K[t]=〈p(t)〉)
by multiplication on entries.
With these actions of K[t] in mind, we recall the general embedding result of [3]
and details provided in its proof.
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Theorem 2 ([3]). Any 4nite dimensional 3-graded Lie algebra g in a pair of genera-
tors over K is isomorphic to a 3-graded Lie subalgebra of
sl2(K[t]=〈p(t)〉)
for some p(t)∈K[t]; generated by elements x of degree 1 and y of degree −1; as
below:
(I) x = tE; y = tF; p(t) = tq(u) =0; u= t2.
(II) x = tE; y = tF; p(t) = uq(u) =0; u= t2.
(III) x = tE; y = t3F; p(t) = t3q(v) =0; v= t4.
(IV) x = t3E; y = tF; p(t) = t3q(v) =0; v= t4.
Any two classes above are disjoint.
Remark 3. The only in(nite dimensional 3-graded Lie algebra in a pair of generators
is the free one (see [3]).
Remark 4. The last statement of the theorem is not actually proved in [3]; but it
follows trivially from the next lemma.
Those results imply that set K[t]3 parametrizes the isomorphism classes of 3-graded Lie
algebras in a pair of generators in the following way: given a triple (x(t); y(t); p(t))∈
K[t]3, we consider the isomorphism class of the 3-graded Lie algebra generated by
elements
x = x(t)E and y = y(t)F
in sl2(K[t]=〈p(t)〉). Indeed, Theorem 2 means that, in the (nite dimensional case, the
triples can be restricted to one of the types I–lV described above, i.e.
(I) x(t) = t; y(t) = t; p(t) = t2k+1q(u); u= t2; q(0) =0; k¿ 0.
(II) x(t) = t; y(t) = t; p(t) = t2kq(u); u= t2; q(0) =0; k¿ 1.
(III) x(t) = t; y(t) = t3; p(t) = t4m+3q(v); v= t4; q(0) =0; m¿ 0.
(IV) x(t) = t3; y(t) = t; p(t) = t4m+3q(v); v= t4; q(0) =0; m¿ 0.
Denition 5. A triple (x(t); y(t); p(t))∈K[t]3 is a normal form if it belongs to one of
the types I–IV above. The pair (x(t); y(t)) is the pair of generators and p(t) is the
ideal generator of the normal form. Given a (nite dimensional 3-graded Lie algebra
g generated by a pair; a triple of K[t]3 is a normal form of g if it is a normal form
that parametrizes the isomorphism class of g.
There may be more than one normal form for g, but its type is unique, as it is seen
from the next lemma.
Lemma 6. Following notation from Theorem 2; one has for types I–IV:
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(I) p(t) = t2k+1q(u); u= t2; q(0) =0; k¿ 0; m= k + degu q(u).
{tE; : : : ; tum−1E} is a basis of g1;
{uH; : : : ; umH} is a basis of g0 and
{tF; : : : ; tum−1F} is a basis of g−1.
dim g−1 = dim g0 = dim g1 = m.
(II) p(t) = t2kq(u); u= t2; q(0) =0; k¿ 1; m= k + degu q(u).
{tE; : : : ; tum−1E} is a basis of g1;
{uH; : : : ; um−1H} is a basis of g0 and
{tF; : : : ; tum−1F} is a basis of g−1.
dim g−1 = dim g1 = m; dim g0 = m− 1.
(III) p(t) = t4k+3q(v); v= t4; q(0) =0; k¿ 0; m= k + degv q(v).
{tE; : : : ; tvmE} is a basis of g1;
{vH; : : : ; vmH} is a basis of g0 and
{t3F; : : : ; t3vm−1F} is a basis of g−1.
dim g−1 = dim g0 = m; dim g1 = m+ 1.
(IV) p(t) = t4k+3q(v); v= t4; q(0) =0; k¿ 0; m= k + degv q(v).
{t3E; : : : ; t3vm−1E} is a basis of g1;
{vH; : : : ; vmH} is a basis of g0 and
{tF; : : : ; tvmF} is a basis of g−1.
dim g1 = dim g0 = m; dim g−1 = m+ 1.
From the dimensions of the homogeneous subspaces, we see that normal forms of
diGerent types represent distinct isomorphism classes of 3-graded Lie algebras. Thus
the type of g is unique as well as the type of any of its normal forms.
Although the ideal generator p(t)∈K[t] is not uniquely de(ned by g, we see from
Lemma 6 that its degree is an invariant of the Lie algebra, depending exclusively on
its dimension.
We now intend to exhibit a more accurate description of those Lie algebras when
K=C and examine its dependence on the polynomial p(t). Before ending this section,
we work out two illustrative examples.
Example 7. Let p(t) = t5 − t3 = tu(u − 1); u = t2. Suppose g is generated by x = tE
and y = tF in sl2(K[t]=〈p(t)〉). Let
H3(K) = K(t3 − t)E ⊕ K(t4 − t2)H ⊕ K(t3 − t)F
be the tridimensional Heisenberg algebra. Then; identifying
sl2(K) ∼= Kt3E ⊕ Kt4H ⊕ Kt3F
we have
g ∼= H3(K)⊕ sl2(K); [H3(K); sl2(K)] = 0:
Example 8. Let p(t) = t(t2 − 1)2 = t(u− 1)2; u= t2; and g be generated by
x = tE and y = tF
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in sl2(K[t]=〈p(t)〉). De(ning
k(t) = t − t
3 − t
2
;
one has
k(t)3 ≡ k(t)modp(t):
{tE; tF; t2H; t3E; t3F; t4H} is a basis of g. [g; g]= g and therefore g is not solvable. Let
A3(K) = K t(u− 1)E ⊕ K u(u− 1)H ⊕ K t(u− 1)F:
A3(K) is an ideal and an abelian subalgebra of g. Let n be the radical of g. Then
A3(K) ⊂ n and g is not semisimple. We have
g= l⊕ n
for a semisimple Lie subalgebra l of g; dim l; dim n¿ 3. Since dim g = 6; it follows
dim l= dim n= 3. We can choose l= K k(t)E ⊕ K k(t)2H ⊕ K k(t)F . Hence
l ∼= sl2(K); n= A3(K); [l; A3(K)] = A3(K):
3. Decompositions and constituent parts
Let  : sl2(K)→ sl2(K) denote the automorphism of Lie algebras de(ned by
(E0) = F0; (F0) = E0:
This automorphism extends to a K[t]-linear automorphism 0 of sl2(K[t]), which re-
verses degrees.
Given p(t)∈K[t], let
p(t) : sl2(K[t]=〈p(t)〉)→ sl2(K[t]=〈p(t)〉)
be the unique Lie algebra automorphism of sl2(K[t]=〈p(t)〉) such that
p(t) ◦ p(t) = p(t) ◦ 0;
where p(t) : sl2(K[t]) → sl2(K[t]=〈p(t)〉) is the natural projection. Clearly, p(t) also
reverses degrees.
Let A be an associative commutative algebra with unit and
A= A1 ⊕ · · · ⊕ An
a direct sum decomposition into ideals of A. It induces a decomposition for
2× 2-matrices over A
M2(A) =M2(A1)⊕ · · · ⊕M2(An)
whose terms can be seen as Lie algebras with respect to the commutator:
(M2(A))L = (M2(A1))L ⊕ · · · ⊕ (M2(An))L:
The decomposition restricts to subalgebras with null trace
sl2(A) = sl2(A1)⊕ · · · ⊕ sl2(An): (1)
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We denote with
i : sl2(A)→ sl2(Ai)
the natural projection of sl2(A) onto sl2(Ai).
If g is a Lie subalgebra of sl2(A) then
g ⊂ g1 ⊕ · · · ⊕ gn; where gi = i(g): (2)
In case
∑n
i=1 dim gi = dim g, one has
g= g1 ⊕ · · · ⊕ gn: (3)
Clearly, the equalities above can be interpretated as isomorphisms.
If p(t)=p1(t) · · ·pn(t), where any two factors are relatively prime polynomials over
K , then
K[t]
〈p1(t) · · ·pn(t)〉
∼= K[t]〈p1(t)〉 ⊕ · · · ⊕
K[t]
〈pn(t)〉 (4)
and
sl2(K[t]=〈p(t)〉) ∼= sl2(K[t]=〈p1(t)〉)⊕ · · · ⊕ sl2(K[t]=〈pn(t)〉): (5)
Finally, let c∈K∗ = K − {0}; the map
Sc :K[t]→ K[t]; p(t) → p(ct)
is a unital algebra automorphism, with inverse given by S1=c. This automorphism de-
scends to an isomorphism
K[t]=〈p(t)〉 ∼= K[t]=〈p(ct)〉; p(t)∈K[t];
which, applied to matrix entries, induces the isomorphism
sl2(K[t]=〈p(t)〉) ∼= sl2(K[t]=〈p(ct)〉): (6)
From the above decompositions, a classi(cation of 3-graded Lie algebras in a pair of
generators over C is imminent. Let us now examine the prospective constituent parts
of such an algebra by means of more examples.
Case 1: The 3-graded Lie algebras hm; m¿ 1.
Let p(t) = tm; m¿ 1, and hm the 3-graded Lie subalgebra generated by
x = tE; y = tF
in sl2(K[t]=〈tm〉).
Obviously hm is nilpotent. The lower central series of h is given by
h2im = K(t
2iH)⊕ t2ihm; i¿ 1;
h2i+1m = t
2ihm; i¿ 0 (7)
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and it has length l= m− 1.
{t2i+1E; 16 2i + 1¡m} is a basis of (hm)1,
{t2iH; 26 2i¡m} is a basis of (hm)0,
{t2i+1F; 16 2i + 1¡m} is a basis of (hm)−1.
Therefore
dim(hm)j = k; j =−1; 0; 1; if m= 2k + 1;
dim(hm)j = k; j =−1; 1; dim(hm)0 = k − 1; if m= 2k; (8)
l=
2(dim hm + 1)
3
− 1 if m= 2k;
l=
2(dim hm)
3
if m= 2k + 1: (9)
Case 2: The 3-graded Lie algebras hum; h
l
m; m¿ 0.
Let hum ⊂ h4m+3 be the 3-graded Lie subalgebra of h4m+3 generated by
x = (t + 〈t4m+3〉)⊗ E0; y = (t3 + 〈t4m+3〉)⊗ F0:
The lower central series of hum is given by
hu 2im = K(t
4iH)⊕ t4ihum; i¿ 1;
hu 2i+1m = t
4ihum; i¿ 0: (10)
and it has length l= 2m+ 1.
{t4i+1E; 06 i6m} is a basis of (hum)1,
{t4iH; 16 i6m} is a basis of (hum)0,
{t4i+3F; 06 i¡m} is a basis of (hum)−1.
Therefore
dim(hum)−1 = dim(h
u
m)0 = m; dim(h
u
m)1 = m+ 1 (11)
and
l=
2(dim hum − 1)
3
+ 1: (12)
We now de(ne
hlm = p(t)(h
u
m); p(t) = t
4m+3:
Notice that hlm is obtained from h
u
m by an automorphism that reverses degrees; therefore
its properties and invariants derive from those of hum accordingly. In particular
dim(hlm)1 = dim(h
l
m)0 = m; dim(h
u
m)−1 = m+ 1: (13)
Case 3: The special 3-graded Lie algebras sgm; m¿ 1.
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Let p(t)=(u−1)m; u= t2; m¿ 1, and denote with sgm(=sgm(K)) the 3-graded Lie
subalgebra spanned by
x = tE; y = tF
in sl2(K[t]=〈p(t)〉).
We have the natural projections
m : g(x; y)→ sgm; m¿ 1
and also
m;n : sgm → sgn; m¿ n¿ 1;
the last family being de(ned by the relations
m;n ◦ m = n; m¿ n¿ 1:
Let sgm = l ⊕ n be a Levi decomposition of sgm, where l is a semisimple subalgebra
and n is the radical of sgm. From
m;1 : sgm → sg1 ∼= sl2(K)
if follows that
n= ker m;1 = {(u− 1) · v | v∈ sgm}= (u− 1) · sgm
is a 3-graded nilpotent ideal and
l ∼= sl2(K):
We can choose
l= K(k(t)E)⊕ KH ⊕ K(k(t)F) ∼= sl2(K);
where
k(t) = t − t(u− 1)
2
+ · · ·+
(
−1=2
m− 1
)
t(u− 1)m−1: (14)
We have k(t)2 ≡ 1mod (u− 1)m since
(1 + z)
( ∞∑
i=0
(
−1=2
i
)
zi
)2
= 1 in K[[z]];
where z is a formal variable. From H ∈ sgm it follows that (sgm)1; (sgm)−1 ⊂ [sgm; sgm]
and hence (sgm)0 = [(sgm)1; (sgm)−1] ⊂ [sgm; sgm].
Therefore
sgm = [sgm; sgm]: (15)
Notice that sgm is type I with normal form (t; t; t(u− 1)m). It follows from Lemma 6
that dim(sgm)j = m; j =−1; 0; 1. The lower central series of n
n1 = n; ni+1 = [n; ni];
is given by
ni = (u− 1)i · sgm (16)
and thus it has length l= m− 1 = dim(sgm)j − 1; j =−1; 0; 1.
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By means of the natural projections m;n : sgm → sgn; m¿ n¿ 1, it follows easily
that
{k(t)(u− 1)E; : : : ; k(t)(u− 1)m−1E} is a basis of n1:
{(u− 1)H; : : : ; (u− 1)m−1H} is a basis of n0:
{k(t)(u− 1)F; : : : ; k(t)(u− 1)m−1F} is a basis of n−1:
Notice that sgm is centerless.
The embeddings ip;q; i : g(x; y)→ sl2(K[t]); p; q∈N∗, given by
ip;q(x) = tpE0; ip;q(y) = tqF0; i(x) = tE0; i(y) = tF0
(see [3]) induce the isomorphism of 3-graded Lie algebras
’= ip;q ◦ i−1 : i(g(x; y))→ ip;q(g(x; y)):
It is easy to check that
’((u− 1)m · i(g(x; y))) = (v− 1)m · ip;q(g(x; y)); u= t2; v= tp+q
and
sgm ∼= i(g(x; y))(u− 1)m · i(g(x; y))
∼= ip;q(g(x; y))
(v− 1)m · ip;q(g(x; y))
∼= the 3-graded Lie subalgebra of sl2(K[t]=〈(v− 1)m〉) spanned by
x = (tp + 〈(v− 1)m〉)⊗ E0; y = (tq + 〈(v− 1)m〉)⊗ F0:
4. Classication
The next lemma is trivial, but it is still worth stating:
Lemma 9. An abelian 3-graded Lie algebra in a pair of generators is isomorphic to
exactly one of the following: h2; hu0; h
l
0 or the zero one.
We now restrict our attention to the nonabelian case.
Lemma 10. The Lie algebras sgm; hum; h
l
m; hm+2; m¿ 1; are indecomposable.
(a) sgm (m¿ 1): Suppose that
sgm = I1 ⊕ I2
is a direct sum of (not necessarily graded) ideals I1; I2.
If li are Levi subalgebras of Ii then l= l1 ⊕ l2 is a Levi subalgebra of sgm,
sl2(K) ∼= l= l1 ⊕ l2
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and one of the factors above is zero, say l2. Thus I2 is solvable. But
sgm = [sgm; sgm] = [I1; I1]⊕ [I2; I2]:
In particular I2 = [I2; I2] and therefore I2 = 0.
(b) hum; h
l
m; hm+2 (m¿ 1): Let h be a nonabelian nilpotent 3-graded Lie algebra in a
pair of generators and
h= I1 ⊕ I2
a decomposition of h into a direct sum of (ordinary) ideals I1; I2. Notice that each
of these ideals is a quotient of the free 3-graded Lie algebra in a pair of generators
g(x; y) by a (not necessarily graded) ideal and it is also nilpotent.
In general, if I is nilpotent Lie algebra which is a quotient of g(x; y) by an ideal,
one has
I= {a Jx + b Jy | a; b∈K} ⊕ [I; I]; (?)
where Jx and Jy are the projections of x and y into I. To prove this assertion, we (rst
recall that
[I; I] = linear span of {(ad Jx ad Jy)n Jx; (ad Jx ad Jy)n−1[ Jx; Jy] (ad Jy ad Jx)n Jy; n¿ 1};
I= {a Jx + b Jy | a; b∈K}+ [I; I]
(since they are valid for x; y; g(x; y) in place of Jx; Jy; I, respectively).
Now let a Jx+ b Jy be a nonzero element of [I; I]. Then one of the terms in that sum
is nonzero, say a Jx. Hence there is a nonzero element of [I; I] of the form Jx+ c Jy, for
some c∈K . If
Jx + c Jy=
∑
n¿0
an(ad Jx ad Jy)n[ Jx; [ Jy; Jx]]
+
∑
n¿0
bn(ad Jx ad Jy)n[ Jx; Jy] +
∑
n¿0
cn(ad Jy ad Jx)n[ Jy; [ Jx; Jy]]
with an; bn; cn ∈K , which are zero for large enough n,
Jx + c Jy=
∑
n¿0
an(ad Jx ad Jy)n[ Jx; [ Jy; Jx + c Jy]]
+
∑
n¿0
bn(ad Jx ad Jy)n[ Jx + c Jy; Jy] +
∑
n¿0
cn(ad Jy ad Jx)n[ Jy; [ Jx + c Jy; Jy]]:
The last expression implies that if Jx+c Jy∈ Ii then Jx+c Jy∈ Ii+1; i¿ 1. Hence Jx+c Jy∈ Ii
for any i¿ 1; since I is nilpotent we must have Jx+ c Jy=0, obtaining a contradiction.
We have the same conclusion in the case b Jy =0 and therefore
{a Jx + b Jy | a; b∈K} ∩ [I; I] = 0
proving (?). Thus
I
[I; I]
∼= {a Jx + b Jy | a; b∈K}
M.P. de Oliveira / Journal of Pure and Applied Algebra 178 (2003) 73–85 83
and consequently
(i) dim I=[I; I]6 2.
(ii) If dim I=[I; I] = 0 then I= 0.
(iii) If dim I=[I; I] = 1 then I is the (trivial) one-dimensional Lie algebra.
Now, returning to h, we have
h
[h; h]
∼= I1
[I1; I1]
⊕ I2
[I2; I2]
·
Because h is nonabelian, we have dim h=[h; h]=2. Either dim I1=[I1; I1] or dim I2=[I2; I2]
is zero; otherwise we would have
dim I1=[I1; I1] = dim I2=[I2; I2] = 1
and this would imply that h is the two-dimensional abelian Lie algebra. Therefore
either I1 or I2 is zero and h is an indecomposable Lie algebra.
Lemma 11. Let g be a Lie algebra over K and
g= h⊕ I1 ⊕ · · · ⊕ In
a direct sum decomposition into nonzero ideals such that h is nilpotent and each Ii
is indecomposable; centerless and satis4es Ii = [Ii ; Ii]. Then such decomposition is
unique up to the order of the summands.
Proof. Let
g= h⊕ I1 ⊕ · · · ⊕ In;
g= h′ ⊕ I′1 ⊕ · · · ⊕ I′m
be two decompositions of g as above.
The lower central series
g1 = g ⊃ g2 ⊃ · · · ⊃ gi ⊃ · · ·
de(ned by gi+1 = [g; gi] is stationary. Let l be a number such that gl = gl+1, say the
smallest one. Then we have
gl = I1 ⊕ · · · ⊕ In = I′1 ⊕ · · · ⊕ I′m
and h= h′ = Zg(gl); the center of g′ in g:
For every index i; 16 i6 n,
Ii = [Ii ; Ii] = [Ii ; gl] = [Ii ; I′1]⊕ · · · ⊕ [Ii ; I′m]
and
Ii = [Ii ; I′k ] for some k; [Ii ; I
′
l] = 0 for l = k:
Repeating the argument for I′k , we obtain
I′k = [I
′
k ; Ij] for some j; [I
′
k ; Il] = 0 for l = j:
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Thus i = j and Ii = I′k . As i is arbitrary, we conclude that every ideal in the (rst
decomposition of gl appears in the second one. And vice-versa. Hence n= m and the
two decompositions coincide up to a permutation of their terms.
Theorem 12 (classi(cation). (a) A 4nite dimensional 3-graded Lie algebra g in a pair
of generators over C is isomorphic to a direct sum of 3-graded Lie algebras
h⊕ sgm1 ⊕ · · · ⊕ sgmn ;
where h = hm+1; hum or h
l
m; m¿ 0; and 16m16 · · ·6mn; n¿ 0. Such direct sum-
mands are uniquely determined by g.
(b) Let p(t)∈C[t] be the ideal generator of a normal form of g.
Type I: p(t) = t2k+1q(u); u = t2; q(0) =0; k¿ 0. Then h = h2k+1 and mi are the
root multiplicities of q(u)∈C[u] in non-decreasing order.
Type II: p(t) = t2kq(u); u= t2; q(0) =0; k¿ 1. Then h= h2k and mi are the root
multiplicities of q(u)∈C[u] in non-decreasing order.
Type III: p(t)∈ t4m+3q(v); v= t4; q(0) =0; m¿ 0. Then h=hum and mi are the root
multiplicities of q(v)∈C[v] in non-decreasing order.
Type IV: p(t) = t4m+3q(v); v = t4; q(0) =0; m¿ 0. Then h = hlm and mi are the
root multiplicities of q(v)∈C[v] in non-decreasing order.
In particular, every direct sum in (a) is generated by a pair.
Proof. (a) The existence of such an isomorphism follows from the proof of (b).
The uniqueness of direct summands follows from the general situation described in
Lemma 11.
(b) By means of the isomorphism
Sc : sl2(C[t]=〈r(t)〉)→ sl2(C[t]=〈r(ct)〉);
(t + 〈r(t)〉)⊗ E0 → (ct + 〈r(ct)〉)⊗ E0;
(t + 〈r(t)〉)⊗ F0 → (ct + 〈r(ct)〉)⊗ F0;
where r(t)∈C[t] and c∈C− {0}, one sees that both triples
(tp; tq; (tp+q − a)m) and (tp; tq; (tp+q − 1)m); p; q; m∈N− {0}; a =0;
parametrize the isomorphism class of gm. Hence, from decompositions 2, 4 and 5, one
has
g ⊂ I1 ⊕ · · · ⊕ In;
where the direct summands are, respectively, those stated above, depending on the type
of g. Since
n∑
i=1
dim Ii = dim g
for any of types I–IV, one has in fact the equality and the result follows.
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Corollary 13. Let g be as above and g = l ⊕ n be a Levi decomposition where l is
a semisimple subalgebra and n is the radical of g. Then l is isomorphic to a direct
sum of copies of sl2(C) and n is nilpotent.
Finally, let X be an algebraic variety over C; A an algebra of functions on X and I
an ideal of A. It could be interesting, in view of Theorem 12, to examine the (nitely
generated 3-graded Lie subalgebras of
sl2(A=I)
over C, as well as possible connections with the zero set of I and the geometry of X .
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